Both Bayesian analysis assuming independence and discriminant function analysis have been used to estimate probabilities of corodary disease. To compare their relative accuracy, we submitted 303 subjects referred for coronary angiography to stress electrocardiography, thallium scintigraphy, and cine fluoroscopy. Severe angiographic disease was defined as at least one greater than 50% occlusion of a major vessel. Four calculations were done: (1) Bayesian analysis using literature estimates of pretest probabilities, sensitivities, and specificities was applied to the clinical and test data of a randomly selected subgroup (group I, 151 patients) to calculate posttest probabilities. (2) Bayesian analysis using literature estimates of pretest probabilities (but with sensitivities and specificities derived from the remaining 152 subjects [group II]) was applied to group I data to estimate posttest probabilities.
the construction of diagnostic paths with decision points associated with certain disease probabilities. Another assumption, that sensitivities and specificities derived at other institutions with different test protocols, study designs, and patient populations are applicable, is implied in the application of Bayes' theorem to the case of coronary disease. The consequences of this cross-institution assumption have never been tested in this context. Discriminant functions derived from logistic regression calculations do not require stochastic independence between test results for their validity. Their application to coronary disease has been less popular, probably because of the lack of availability of regression coefficients for all the various subsets of clinical and test variables.
To determine the consequences of the independence and cross-institution assumptions on the posttest prob-abilities calculated by Bayesian analysis with conditional independence, we conducted the present investigation.
Methods
Study sample. Between May of 1981 and September of 1984, 539 patients without history or electrocardiographic evidence of myocardial infarction were referred to a group of six participating cardiologists at our institution for the angiographic evaluation of suspected coronary artery disease. Two hundred twenty of these were excluded from the protocol because they refused to undergo testing or had known or suspected valvular or cardiomyopathic disease, unstable angina, serious arrhythmia, left bundle branch block, extreme obesity, or orthopedic or neurologic conditions precluding performance of a symptomlimited treadmill exercise test. All 319 remaining subjects were informed as to study protocol and they and their angiographers agreed that the test results would influence only postcatheterization medical or surgical management and not the decision of whether or not to perform an angiographic examination. Despite this, a breach in the research protocol resulted in 16 subjects (5%) not undergoing cardiac catheterization because they were considered to have a very low probability of severe coronary artery disease (> 50% stenosis) based on their exercise test results. Of the 303 subjects undergoing angiography, there were 206 men and 97 women; their mean age was 54 years.
All 303 subjects underwent exercise electrocardiography, exercise thallium imaging, and cardiac cine fluoroscopy in multiple projections.
Clinical data. Clinical histories were reviewed by an investigator unaware of any test or angiographic results. Patients were grouped according to age, sex, and type of chest pain. The latter was divided into the following four categories: (1) Typical angina pectoris. Pain that occurs in the anterior thorax, neck, shoulders, jaw, or arms and is precipitated by exertion and relieved within 20 min by rest. (2) Atypical angina. Pain in one of the above locations and that is either not precipitated by exertion or not relieved by rest within 20 min. (3) Nonanginal pain. Pain that is not located in any of the above locations or, if so located, is not related to exertion, and lasts less than 10 sec or longer than 30 min. (4) No pain. This classification is identical to that used in our previous investigation,7 but slightly different from that used by Diamond et al.2 Test protocols Exercise tests. All subjects performed treadmill exercise according to the Bruce protocol. Exercise was terminated because of fatigue, dyspnea, progressive angina, ST depressions greater than 2.5 mm, or when a subject reached his age-adjusted target heart rate. Modified 12-lead electrocardiograms were recorded in subjects at rest and at peak exercise. One minute before the completion of exercise, 2 mCi of thallium-201 were injected directly into an arm vein. Nuclear imaging was begun about 5 min after injection in the 45 and 70 degree left anterior oblique and anterior projections. All images were recorded for 10 min for each projection on a portable gamma camera with a 1/4 inch crystal and a high-sensitivity, low-energy collimator. Imaging in all three projections was repeated approximately 4 hr after injection of thallium to obtain redistribution images. Acquired data were stored in the VIP-550 microprocessor system for subsequent analysis. Cardiac cinefluoroscopy. On the day after treadmill exercise and immediately preceding selective angiography, all patients underwent cardiac cine fluorosgopy in the left anterior oblique and right anterior oblique projections. The x-ray exposure factors used for cine fluoroscopy were 300 mA, 75 to 95 kV, and a 5 msec pulse width. The high tube current is used in our labora-tory to increase contrast resolution and sensitivity in detecting calcifications, although a decreased specificity is also expected. Fluoroscopic images were recorded on Kodak CFX film for subsequent review.
Coronary arteriography. On the day after exercise testing and immediately after cardiac cine fluoroscopy, selective coronary arteriographic examination was performed by the Sones or Judkins technique. Multiple projections of each vessel were obtained. The x-ray exposure factors used for cine angiography were 300 mA, 75 to 95 kV, and a 5 msec pulse width. Angiographic images were recorded on Kodak CFX film for subsequent review.
Analysis of test results. ST segment depressions at peak exercise were analyzed by an observer blinded to the clinical data, the other noninvasive test results, and the results of the angiographic examination. The vertical distance between the middle point of the PR segment and the ST segment 80 msec after the J point was measured to the nearest 0.2 mm for several complexes in leads I, II, V2, V4, and V5. The ST segment depressions were averaged for each lead and the corresponding resting ST depressions were subtracted. The five resulting exercise-induced ST segment shifts were searched for a minimum and this number became the stress electrocardiographic test result.
Computer-stored scintigraphic data were analyzed by an investigator unaware of the other test and angiographic results. A perfusion defect was defined as a 20% decrease in radioactivity in comparison with the maximal pixel count in normal myocardium."4 Three results were possible: normal, fixed perfusion defect, and reversible perfusion defect.
Cine fluoroscopic films acquired before selective angiography were reviewed by two investigators without knowledge of the clinical, exercise, or angiographic results. A result of none, one, two, or three calcified vessels was assigned to each subject.
Coronary arteriograms were interpreted by an experienced angiographer not directly involved in the study. A stenosis of greater than 50% of the intraluminal diameter of one of the four major coronary arteries was considered sufficient to define severe coronary artery disease. Probability analysis. Each subject of the 303 who made up the study sample was randomly assigned to either a testing group (group I) or a reference group (group II). Group II, which consisted of 152 subjects, was used to generate conditional probabilities for Bayes' theorem (with independence) and the coefficients of the discriminant function (see Appendix). Then, four calculations were applied to the test results of the subjects in group I.
(1) Bayesian analysis with independence (see Appendix) using the pretest probabilities and the conditional probabilities calculated by Diamond and Forrester'5 (pooled estimates from the literature) was applied to group I data. The stress electrocardiographic test results (ST depressions) were categorized into the six intervals used by Diamond and Forrester'5 (i.e., ST > -0.5, -0.5 ST > -1.0, -1.0 -ST > -1.5, -1.5 >ST > -2.0, -2.0 -ST > -2.5, -2.5 .ST).
(2) Bayesian analysis with independence was applied to group I data with the use of the pretest probabilities from Diamond and Forrester15 and the conditional probabilities derived from the test results of the patients in group II.
(3) A discriminant function whose coefficients were determined by logistic regression applied to group II data for the variables age, sex, type of chest pain, stress electrocardiographic results (ST), stress thallium result (Tl), and cine fluoroscopic results (CF) was used to calculate the posttest probabilities for the subjects in group I. This type of calculation eliminated degradation in accuracy caused by the independence Vol. 73, No. 5, May 1986 971 Group II  Group I Group II  Group I Group II  Group I Group II   I  II   With CAD  Men  78+5  68±6  12±4  18±5  5±3  7+3  5±3  7±3  58   56   Women  100±0  75±13  0±0  8±8  0±0  17±11  0±0  0±0  13  12  Without CAD  Men   26±7  20±6  36±7  38±7  26±7  28±6  12±5  14±5  42  50   Women  24±7  27±8  53±8  41±8  21±7  24±7  3±3  9±5 38 34 CAD = coronary artery disease. AValues are row percentages by group ± SE of the percent. and cross-institution assumptions. If such degradations in accuracy are important, we would expect this calculation to give the best prediction of disease. (4) Logistic regression was applied to group II data to derive coefficients based only on the noninvasive test results (ST, TI, CF). These coefficients together with pretest probabilities from Diamond and Forrester'5 were applied to the data from subjects in group I. This calculation is the discriminant function analogue of calculation 2 (above), which also used pretest probabilities from Diamond and Forrester together with conditional probabilities derived from group II.
Receiver operating characteristic (ROC) analysis. The results of all four calculations were graphically represented with ROC curves applied to the posttest probabilities.'6 The ROC curves were generated with the use of maximum likelihood estimates of the parameters specifying their functional form (y intercept and slope on normal deviate axes) and the assumption of underlying bivariate normal decision variable distributions.17'18 They were compared with the use of a univariate Z score test of the difference between the areas under them'8 and by comparing sensitivities at false-positive rates of 0.3, 0.4, 0.5, 0.6, and 0.7.18
Goodness-of-fit analysis. The mean differences and Spearman rank correlations between the posttest probabilities resulting from the four calculations were calculated. The posttest probabilities were divided into quintiles and the expected and observed numbers of patients in each quintile were calculated'9 for patients with and those without disease. Regression coefficients of observed and expected numbers per quintile were calculated as a measure of the goodness of fit of the posttest probabilities to the empirical data for all four calculations.20
Results
Clinical and angiographic data. The percentages of men and women with each of the four chest pain syndromes for groups I and II are reported in table 1. The mean ages of the patients in groups I and II were 55 and 54 years, respectively. The distribution of severity of disease by the number of vessels having at least one greater than 50% angiographic obstruction is reported in table 2.
Exercise test results. The numbers of patients achieving 85% of their age-adjusted maximal heart rates in groups I and II were 102 (68%) and 109 (72%). Of 972 those with low exercise heart rates (<85% maximum), 26 in group I (54%) and 26 in group II (60%) were taking /l-blocking medications.
Sensitivities, specificities, and regression coefficients derived from data from group I. Table 3 contains the sensitivities and specificities derived from group II data and compares them with the corresponding values from the report by Diamond and Forrester. 15 Table 4 gives the coefficients and their significance levels derived by logistic regression for the test variables alone (ST, TI, CF) and for the clinical variables (age, sex, and pain) and the test variables (ST, TI, CF) together.
Comparison of the four calculations applied to group I ROC analysis. Figure 1 shows the ROC curves, which display sensitivity on the vertical axis and (1-specificity) on the horizontal axis. The calculated areas under these curves were: 0.930 (SE = 0.023) for calculation 1 (Bayesian analysis with independence using Diamond and Forrester's conditional probabilities); 0.926 (SE = 0.022) for calculation 2 (Bayesian analysis with independence using conditional probabilities derived from group II); 0.917 (SE = 0.024) for calculation III (discriminant function analysis using coefficients derived from all six variables); and 0.914 (SE = 0.025) for calculation 4 (discriminant analysis using a priori probabilities from Diamond and Forrester instead of Goodness-of-fit analysis. Table 5 shows the mean differences and Spearman rank correlations between the posttest probabilities resulting from calculations 1 through 4. This table demonstrates that small differences exist between the probabilities produced by the four calculations and that calculation 3 (discriminant function based on group II data) leads to the most conservative disease probabilities. Tables 6 and 7 show the expected and observed numbers of patients with and without disease in each quintile of posttest probability as estimated by the four calculations. The regression coefficients in the last row of the tables indicate that the completely data-based discriminant function (calculation 3) produces the best and the wholly literature-based Bayesian analysis (calculation 1) the worst fit of expected to observed distributions. Calculation 2 (Bayes with sensitivities and specificities derived from group II data) and calculation 4 (discriminant function with literature estimates of pretest probabilities and the test coefficients derived from group II data) produce approximately equal fits of expected to observed results. Differences are most marked in the third (middle) quintile of probability where all four calculations produce large errors in the disease probabilities, although calculation 3 is the least inaccurate.
Discussion
The equivalence of ROC curves indicates that all four calculations produce the same sensitivities and specificities at appropriate cutpoints and are thus equivalent in separating patients with from those without disease as long as one knows which cutpoints are appropriate for each of the calculations. In order for the ROC curves to be the same, the four calculations must produce the same ordering of posttest probabilities. The independence and cross-institution assumptions do not, therefore, affect the order of these probabilities, although tables 5, 6, and 7 give evidence that these assumptions have deleterious effects on the prob- sults (calculation 4) more than it does the Bayesian results (calculation 2). Such an unbalanced error could conceivably be exactly rebalanced by the error introduced by the independence assumption. The superiority of calculation 2 (data-based Bayes with independence) over calculation 1 (literature-based Bayes with independence) might also result from the invalidity of the cross-institution assumption, although here caution is also needed since the direction and magnitude of the error introduced by the smaller sample size used to generate the sensitivities and specificities of calculation 2 are unknown. Our results therefore suggest that larger errors are introduced by the cross-institution assumption than by the independence assumption, at least as far as the three test variables are concerned. The influence of the cross-institution assumption on the accuracy of the Bayesian analysis is not surprising when the wide variation in reported test sensitivities and specificities is considered (table 3) . 21, 22 Bayesian analysis has been criticized because of the lack of adequate validation of its accuracy. Such criticism points at the assumption of stochastic independence between clinical and test variables23 24 as well as the appropriateness of applying conditional probabilities based on the published literature to subjects in a particular institution.23 '25 We have called this assumption the "cross-institution assumption." Some attempts at verification of the independence assumption have been unsuccessful,7' 23, 26 and the validity of the crossinstitution assumption has not been verified. Discriminant function analysis using a logistic regression approach was applied by Cornfield27 to risk factor prediction of coronary events. Several investigators have successfully applied this method to the prediction of angiographic disease based on noninvasive test results.3 &13
Russek et al. 28 have cited some experimental and theoretical evidence for the ability of the Bayesian model to correctly rank posttest probabilities, especially when the ratio of the number of variables to subjects Expected and observed numbers of patients without coronary artery disease in each quintile of posttest probability as estimated with calculations 1 through 4 and regression coefficients of observed vs expected (group I) results is high. Our results also suggest that the independence assumption and the cross-institution assumption do not significantly affect this ranking, although they did reduce the accuracy of the probability values in our patient population. Whether this conclusion can be generalized to other populations remains to be confirmed.
Calculation
The relative superiority of the discriminant function has important clinical implications. For example, if a Bayesian computer algorithm (independence and cross-institution assumptions implied) predicted that patient A and patient B had respective disease probabilities of 40% and 70% after the three noninvasive tests, then patient B really would be more likely to have severe coronary disease than patient A. The nominal probability values (40% and 70%) might still contain considerable error and a clinician using a decision cutpoint of 50% still would not know which, if either, of these two patients requires coronary angiography. Such a clinician would better serve his patient by using a discriminant function based on clinical and test data at his own institution if one is available. If this is not possible, he might apply sensitivities and specificities derived at his institution in a Bayesian model with independence to calculate posttest probabilities. We suspect that a literature-derived discriminant function would probably also be better than the Bayesian computer algorithm, although we have produced little evidence here to support that suspicion. The unavailability of multicenter data banks or even regression coefficients from which such a function could be created has prevented the wide application of discriminant functions to clinical and test data regarding coronary disease. 
Appendix
Let the symbol D denote the event of at least one greater than 50% coronary artery obstruction in a selective cine angiogram and let ND denote the alternative event of no such obstruction. Po(D) is the pretest probability of this event D. Po(D) is determined by the clinical variables of sex, age (decade of life), and type of chest pain. P1(D) is the posttest probability of this event and is determined by the clinical variables and the test variables (ST, TI, CF). Bayesian method. P(St ID), P(T1 ID) are the conditional probabilities of a particular test result given that an individual has significant coronary disease (>50% obstruction). Similarly, P(ST |ND, P(T1 |ND), and P(CF |ND) are the conditional probabilities of the same test results given that a subject does not have disease. P(ST, TI, CF| D) is the joint conditional probability of the combined test results ST, T1, and CF given that a subject has coronary disease (>50% obstruction). P(ST, Tl, CF IND) is the joint conditional probability of the same results given no disease. The where k = 0.807 the ratio of subjects without coronary disease to those with coronary disease in group II, and f(x) = C0 + C, ST + C2Tll + C3T12 + C4CF.
The coefficients (C) here are the outcome of the logistic regression applied to group II data. Here the pretest probability Po(D) is taken from the report by Diamond and Forrester.15 ST is the electrocardiographic test result as explained in the text and CF is the number of calcified coronary arteries. T1 land T12 are indicator variables for the thallium test result such that Tl 1 = T12 = -1 signifies no perfusion defects; T 1 = 0, T12 = 1 signifies a fixed defect; and Ti 1 = 1, T12 = 0 signifies a reversible defect. Male sex = -1; female sex = + 1; and pain takes on the possible values listed in the text. If the variables age, sex, and pain are to be incorporated into the discriminant function, this function takes the simpler form P(D) -
where f(x) = C0 + C, age + C2 sex + C3 pain + C4 ST + C5 TI1 + C6 T12 + C7 CF.
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